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Summary of Research Effort

The research efforts supported by this grant have two separate but closely

related thrusts: (i) Control and (ii) parameter estimation (inverse problems)

for distributed parameter systems including delay and partial differential

equations. A diverse number of topics have been investigated and can be

summarized as follows.

I. Control (the main emphasis was the development, analysis, and numerical

testing of computational techniques):

(i) Numerical methods for computation of feedback gains in high dimen-

sional LQR problems (a hybrid method: Chandrasekhar start up; modified

Kleinman- Newton-Smith iteration for the gains).

(ii) Approximation techniques for finite dimensional compensators in in-

finite dimensional feedback control problems.

(iii) Approximate solutions of operator Riccati equations: regularity, con-

vergence.

(iv) Feedback control techniques for infinite dimensional systems.

(v) Control and stabilization of visco-elastic structures.

(vi) Approximation in delay and Volterra type equations.



II. Parameter estimation and inverse problems (with cnpphasis on develop-

ment and analysis of computational techniques for specific applications in

mechanics and biology):

(i) Theoretical frameworks for stability and convergence of approximation

schemes: variational and semigroup formulations.

(ii) Regularization techniques: Compactness, discretization, Tikhonov

techniques.

(iii) Augmented Lagrangian methods.

(iv) Estimation of damping in flexible structures: composite and vis-

coelastic materials.

(v) Estimation of growth, predation, dispersal, size-structure in popula-

tion models.

(vi) Estimation of nonlinearites in distributed systems.
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On a Variational Approach to Some Parameter Estimation Problems

ABSTRACT

We consider examples (1-D seismic, large flexible ;tructures, bioturbation,

nonlinear population dispersal) in which a variational setting can provide a

convenient framework for convergence and stability arguments in parameter

estimation problems.
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A Comparison of Stability and Convergence Properties of Techniques for

Inverse Problems 11

Abstract

We consider a series of numerical examples and compare several algorithms for estimaulon of

coefficients in differential equation models. Unconstrained, constrained and Tikhonov regulariza-

Lion methods are tested for the behavior with regard to both convergence (of approximation meth-

ods for the states and parametrs) and stability (continuity of the estimates obtained with respect

to perturbations in the data or observed states).
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QUANTITATIVE MODELING OF GROWTH

AND DISPERSAL IN POPULATION MODELS*

H.T. Banks + and K.A. Murphy +

Lefschetz Center for Dynamical Systems
Division of Applied Mathematics

Brown University
Providence, RI 02912

ABSTRACT

We discuss techniques for the estimation of nonlinearities and state-dependent
coefficients in parabolic partial differential equations. Applications to
density-dependent population dispersal and nonlinear growth/predation models are
presented. Computational results using parallel and vector architectures are discussed.

Lecture presented at the International Symposium on Mathematical Biology, November
-10-15, 1985, Kyoto, Japan.
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ABSTRACT

We discuss techniques for the estimation of nonlinearities and state-dependent
coefficients in parabolic partial differential equations. Applications to
density-dependent population dispersal and nonlinear growth/predation models are
presented. Computational results using parallel and vector architectures are discussed.
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Es'rliATi~wi Of STiFINISS AND 4)A;Il'INr IN CANT .IER1,) IULLN-51iiNOULLI Bt.AMS UWITH TIP b0011',

ii.T. Banks
LefuiticL Center (or r~ntmcc ystems, Diivision of Applied #tatheeratics, birown liniversiLy. Pr-,idence,
K1, US~A

I.C. kose,,
iteilartment Of Pathemiatics, Lnauerdiy of Southern California. Los Angries, CA. 1ISA

C. Iuang
ivisanion of Applied Patihemaiirt. fir,,wn University, Providence. RI . USA

Abs'tract. 6v develop finlte .1isimeional apliroximaton schemes (Or List Identification of spatially
varying material paraMiet. i.e. fi*!Xura isLiffilecil Sat visicous damping coefficients In lkyhrii dodelS
for flexibie beam% Witt$ Lill bodies. ihtr acihemoex ore derived via an application of spiine-basice Gaterkin
ieCl-lit-S ti) the c-,~scr..tilee I.,r. AtAe space repiresentation for Lte coupled system of ordinary slid
Partial differntal eqalts;~ Acid boundary conditions which describe thse dynamics of the system. A
convergence theory is bricril ',Utiined and a discussion of our findings based upon extensive itumtriccil
studies carried out on b3t01 ..o,,vntiunal and vector processtors is Includied.

Keywords. Paramter estimation; flextible structures; damping; approximation thei~ry; Computational
methods; Spiles.

We report here on a part. of oor as being a precursor to and intexral part Of the
investigation,; on methods to estimate continuum development of sophisticated control anid
material pArametrs, anti itpecifically stiffness stLabilization strategies for large flexible
anid damping parameters ill %tr.ctures described by Structures. We focus here on the possibilities
ant Euler - Bernoulli formulation of the of estimating viscoelastic damping of Voigt-
dynamics. Our efforts have been otivated in Kelvin type (Clouigh end Penzien. 1975; Popov.
large part by research )it large flexible space 1968) - I.e. where the damping aliment. IS
VLrnCtureS. Amional batch fissace tctu.!.%reS Of proportional to the strain rate. While there ix;
Interest are plate andi beja-lke truss growing evidence that damping in composite
Structures, space platforms With multiple mAterial structures is significantly more complex
appendages Including soular pasoels. robot eas and then that arising from the Voigt-Kelvin
masts with tip bodies (e.g. ts4' Whutt orbiter hypothesis, there are materials for which the
with beam/tip mass configurations) and large Volgt-Kelvln assumption Is a good approximation.
antennas. These structures .,re highly flexible. Therefore such models provide so excellent class
possess relatively low. damping characterstcs, on which to Start In development and testing of
and in general won't support their own weight Ini methods.
earth's gravity. Their fieihis members (truss In addition to our Investigations on
beams, panels) are usually constricted of approximsaton methods for estimation problems. We
composite materials (e.g. lf'..11'hIte epoxy) while have also been exploring the use of special
memhrane-lite woven mesh surfaces are found in architectures-array processors acid vector
Lte antenna reflectors. Thus, in these machines -In conjlunction with the methods and
investigations one must deal with complex algorithmcs we are developing. A brief discussion
composite Structures seith variabhle (in space and of certain aspects of our findings In this ares
time) geometry and material propi~erties for which Is included below.
continuum Models With variable paraeerls offer The results presented here are based on a
some Obvious; advantages, conservative state space form of the dynamical

The Identification or paramlleter estimation equations for a cantilevered beam with tip body
techniques which we describe here are Important attached to the free end. That ,is. we consider
for modiel development and anialysis, periodic the higher order analogue of the classical
material Parameter updates ill structures, as well formulation In which a second order (in time and

space derivatives) hyperbolic equation is
'ax rewritten as a firet order vector system of

''Rkesearch supported In part by the National equations by choosing the natural states Of
Science Foundation under NSV Grant KiCS-8504,316 &train u. and velocity ut. Due coerspace
and the Air Force Office Of Scientific Research limitations, we schall attempt to keep details,
under Contract NO. AFtlSi-B-039R. discussions. and notation to a minimum. For more

cicomplete and careful discussions we refer readers
'Mhtesearch supported in part by the Air Force to (banks and Rosen. 1985 and 1986).
Office of Scientific Research indcr Contract No.
AFOSR-84-0393 As we have Indicated above, the structures

of Interest are In general quite complex. The
Part Of the research was carried out while thie simplest problems involve beam and plate-lke
first two asithors were vis;itiiig scientists at the models or models for msembhrane-like surfaces. One
Institute for Computer Applications in Science popular and useful class of dynamical system
andi Engineering (ICASI:). NASA L~angley Research models Involve& a canti1lewered beam With tip body
Ceniter, Hampton. VA 23665 whijch Is operated und~er and base Acceleration. Such modrels are useful,
NASA Contract NASI - 181U72. for example, in studying shottie dieployed mastc,

With attached payload -e.g. anterna - as
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Computational Methods for the Identification of Spatially
Varying Stiffness and Damping in Beams

ABSTRACT

A numerical approximation scheme for the estimation of functional parameters in

Euler-Bernoulli models for the tansverse vibration of flexible beams with tip bodies is developed.

The method permits the identification of spatially varYing flexural stiffness and Voigi-Kelvin

viscoelastic damping coefficients which appear in the hybrid system of ordinary and partial

differential equations and boundary conditions describing the dynamics of such structures. An

inverse problem is formulated as a least squares fit to data subject to constraints in the form of a

vector system of abstract first order evolution equations. Spline-based finite element

approximations are used to finite dimensionalize the problem. Theoretical convergence results are

given and numerical studies carried out on both conventional (serial) and vector computers are

discussed.



THE IDENTIFICATION OF A DISTRIBUTED
PARAMETER MODEL FOR A FLEXIBLE STRUCTURE

by

H.T. Banks, S.S. Gates, I.G. Rosen, Y. Wang

August 1986 LCDS #86-32



We develop a computational method for the estimation of parame-

ters in a distributed model for a flexible structure. The structure

we consider (part of the "RPL experiment") consists of a cantilevered

beam with a thruster and linear accelerometer at the free end. The

thruster is fed by a pressurized hose whose horizontal motion effects

the transverse vibration of the beam. We use the Euler-Bernoulli

theory to model the vibration of the beam and treat the hose-thruster

assembly as a lumped or point mass-dashpot-spring system at the tip.

Using measurements of linear acceleration at the tip, we estimate the

hose parameters (mass, stiffness, damping) and a Voigt-Kelvin

viscoelastic structural damping parameter for the beam using a least

squares fit to the data.

We consider spline based approximations to the hybrid (coupled

ordinary and partial differential equations) system; theoretical

convergence results and numerical studies with both simulation and

actual experimental data obtained from the structure are presented and

discussed.
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A NUMERICAL ALGORITHM FOR OPTIMAL FEEDBACK GAINS

IN HIGH DIMENSIONAL LOR PROBLEMS

H.T. BANKS

K. ITO

Center for Control Sciences
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Brown University
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October 1986
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A Numerical Algorithm for Optimal Feedback Gains
in High Dimensional LQR Problems

H.T. Banks
K.lto

ABSTRACT

We propose a hybrid method for computing the fecdback gains in linear

quadratic regulator problems. The method, which combines use of a Chandrasckhar

type system with an iteration of the Newton-Kleinman form with variable

acceleration parameter Smith schemes, is formulated so as to efficiently compute

directly the feedback gains rather than solutions of an associated Riccati equation.

The hybrid method is particularly appropriate when used with large dimensional

systems such as those arising in approximating infinite dimensional (distributed

parameter) control systems (e.g., those governed by delay-differential and partial

differential equations). Computational advantages of our proposed algorithm over 'he

standard eigenvector (Potter, Laub-Schur) based techniques are discussed and

numerical evidence of the efficacy of our ideas presented.

Key Words: LQR problems, feedback gains, distributed paramejer systems,

computational algorithm, Chandrasekhar system, Newton-Kleinman scheme, -Smith

method.
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proceeds in a heuristic and iterative fashion, much like an experimental

inquiry (see Zia 1986 for numerical test examples and details on

procedures to follow).
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Analyzing Field Studies of Insect Dispersal Using Two-Dimensional
Transport Equations

AB'STRACT

A variety of diffusion and convection/diffusion models were fit to

field mark-recapture data (from Hawkes 1974) for female cabbage root

flies (Delia brassicae Bouche). By comparing the performance of

different models we were able to test Hawkes' hypothesis that anemotaxis

is key to Delia's discovery of Brassica crops. Whereas models lacking a

convection term totally failed, models with a convection term explained

39-442 of the observed variance in Delia recapture density. The

direction of the best-fit convection vector was towards Brassica and in

almost perfect opposition to the prevailing winds. This suggests that

Delia fly upwind in the presence of Brassica odors. The application of

diffusion/convection models to insect dispersal is discussed in general,

with special emphasis on parameter identification methods. These

methods (which are new to the biological literature) allow one to find

realistic dispersal models that describe field mark-recapture data.
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Inverse Problems in the Modeling of Vibrations of Flexible Beams

ABSTRACT

The formulation and solution of inverse problems for the estimation of parameters which

describe damping and other dynamic properties in distributed models for the vibration of flexible

structures is considered. Motivated by a slewing beam experiment, the identification of a nonlinear

velocity dependent term which models air drag damping in the Euler-Bernoulli equation is

investigated. Galerkin techniques are used to generate finite dimensional approximations.

Convergence estimates and numerical results are given. The modeling of, and related inverse

problems for the dynamics of a high pressure hose line feeding a gas thruster actuator at the tip of a

cantilevered beam are then considered. Approximation and convergence are discussed and numerical

results involving experimental data are presented.



MODELING AND ESTIMATION IN

SIZE STRUCTURED POPULATION MODELS

by

H.T. Banks, L.W. Botsford, F. Kappel, and C.Wang

March 1987 LCDS/CCS *t87-13



MODELING AND ESTIMATION iN
SIZE STRUCTURED POPULATION MODELS*

H.T. BANKS
Division of Applied Mathematics

Brown University

L.W. BOTSFORD
Department of Wildlife and Fisheries Biology

University of California - Davis

F. KAPPEL
Institute of Mathematics

University of Graz

C. WANG
Division of Applied Mathematics

Brown University

March, 1987

'Invited lecture by the first author at the Research Symposium, Second Autumn
Course on Mathematical Ecology, International Centre for Thepretical Phvics,
Trieste, Italy, December 8-12, 1986.



ACKNOWLEDGEMENTS

The authors would like to thank Alice Fusfeld Low of the California

Department of Fish and Game (CDFG) for providing the striped bass data used in
some of the investigations reported above.

The research reported here was supported in part by the National Science

Foundation (H.T.B. and C.W.) under NSF Grant MCS-8504316, the Air Force Office
of Scientific Research (H.T.B., C.W. and F.K) under Contracts AFOSR-84-0398 and
F-49620-86-C-011, the CDFG Striped Bass Stamp Funds (LW.B.), and the Fonds zur

Fordering der Wissernschaftlichen Forschung (Austria) (F.K.) under Project No. 53206.

-22-



Modeling and Estimation in Size Structured Population Models

ABSTRACT

We report on current investigations involving both deterministic and stochastic

versions of size structured population models of the McKendrick - Von Foerstcr

type. Simulation studies that demonstrate several mechanisms of size dispersion are

presented. We a!so present preliminary computational results for inverse problems

involving the estimation of survival and growth parameters for larval fish from size

structured field data.
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one can show that A(q) generates a CO semigxoup T(t;q) on f. If b > 0
in (B'), this semigroup is uniformly exponentiallv stable and if in (B') we

replace Ii(t by 14,\ and have b > 0, the semigroup is analytic. For
Euler-Bernoulri beams, the general case handles viscous and spatial hysteresis
damping (with uniform exp. stability if the damping coefficient is strictly
positive) while Kelvin-Voigt damping is included in the analytic semigroup
case.

Identification problems for these second order systems may be formulated
in a manner analogous to the first order case outlined above; a con-
vergence/stability theory under weak compactness assumptions (typically Q
can be taken as a subset of C(n2) with the supremum metric) can be given
using the resolvent form of the Trotter-Kato theorem. This yields results
that are a significant improvement over those currently in the research
literature. Details will be given in a forthcoming manuscript.
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A Theoretical Framework for Convergence and Continuous Dependence of
Estimates in Inverse Problems for Distributed Parameter Systems

Abstract

In this note we announce a framework in which one can treat very

general classes of parameter estimation problems for distributed systems. Using

this approach one can obtain both convergence and continuous dependence

(stability) results under very weak regularity and compactness assumptions on

the set of admissible parameters. The framework includes both first and second

order abstract systems of importance in applications.
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Parameter estimation techniques
for interaction and redistribution models:
a predator-prey example
H.T. Banks', P.M. Kareiva 2. and K.A. Murph. %

Ccnicr for Control Scicnccs. Division of Applied Mathematics, brown Universit), Providence, RI 0291., USA
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Deparimen; of Mathematics. Universiiy of North Carolina. Chapel Hill. NC 27514. USA

Summar.. The use of parameter estimation techniques for interest in non-equilibrium models (Chesson and Case 1985)
partial differcntial equations is illustrated using a predator- and in models that allow organisms to move about in a
prey model. Whereas ecologists have often estimated pa- heteroeneous environment (Levin 1974; Wiens c al. 19851.
ramexers in models. they' have not previousli been able to there is a need for parmeter estimation techniques that
do so for models that describe interactions in heterogeneous do not rely on writing down a particular formula which
environments. The techniques we describe for partial differ- represents the solution to a model.
ential equations will be generally useful for models of inter- In this paper, we present parameter estimation tech-
acting species in spatially complex environments and for niques for models that take the form of partial differential
models that include the movement of organisms. We dem- equations. Such models can be used to represent species
onstrate our methods using field data from a ladybird beetle interactions in heterogenous environments plus a wide vari-
(Coccinella septempunctaza) and aphid (Uroleucon nigrozu- ety of movement behaviors. The mathematical theory be-
herculatum) interaction. Our parameter estimation algo- hind these techniques is developed elsewhere (Banks and
rithms can be employed to identify models that explain bet- Kareiva 1983; Banks et al. 1985; Banks and Murphy 1986;
ter than 80% of the observed variance in aphid and ladybird 1987). Our goal here is to make experimental ecologists
densities. Such parameter estimation techniques can bridge aware that if they collect spatially and temporally structured
the gap between detail-rich experimental studies and ab- field data (i.e., densities at position x x2 . .. x.,, at each
stract mathematical models. By relating the particular best- of the times x,, t. ,), there is the possibility of using
f,: models identified from our experimental data to other these data to identify parameters in models of interacting
information on Coccinella behavior, we conclude that a populations with dispersal. We will illustrate the use of such
term describing local taxis of ladybirds towards prey (aphids parameter estimation techniques by applying our methods
in this case) is needed in the model, to field data we have collected on a predator-prey interac-

tion between lady'bird beetles (Coccinella septempuncrata)
Key words: Parameter estimation - Species interaction - and aphids (Uroleucon nigrotuberculatum).
redistribution - Heterogeneous environments

The parameter estimation problem
for general interaction and redistribution models

Although mathematical models of species interactions corn- Interaction and redistribution of species can be generally
mand much attention in the ecological literature, their use- modeled by equations of the form
fuiness is sometimes questioned (see. for example. Simberloff
1983). One problem with models in ecology is that thev N, S D
are difficult to explicitly relate to field data. By assuming of X \)tX
that interacting populations are at an equilibrium. Schoener
(1974) and Belovskvy (1984) have been able to use numerical +f2 ft. x, A'. Na), (1 a)
least-squares methods to estimate parameters in models on E N, / ( IN2)
the basis of field data. These efforts, however, depend on A. c (x x =A")A!)
explicit analytic representations for the functions isolutions) cI

being observed or fit to data. Usually such explicit solutions +f2 (z, x. N, N2 ) l b)
arc possible only for the simplest of models (Mueller and
Ayala 1981) or for the equilibrium points of more complex where N, anc N: are the densities of two interacting species
models. Furthermore, in the ecological literature parameter that vary in space (i.e.. with respect to x). The f, an,' .
estimation techniques have not, to our knowledge, been ap- represent the local "i-netics" or *'interaction terms" ior
plied to transient dynamic models of spatiall) structured each species - these could bn competition functions. preda-
interactions (i.e., interactions in which densities vary in for-prey terms, or host-disease terms. The first two terms
space and are altered by dispersal). Since there is a growing on the right side of (H a) and (I b) describe the movement

(or -redistribution") of N, and N: with respe(ct to x. The
Offpriti; rqucsts it: H.T. Banks movement terms with D, in the parentheses correspond to
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eters for: nonlinear interaction terms, nonlinear diffusion References
terms, nonlinear convection terms, and taxis towards or banks HT(199)Parameter identification techniques for physiolog-
away from other organisms. Thus we will clearly have the ical control sy.sems. In- Lecture, in Applied Math. lioppcn-
ability to identify biologically realistic models of species in- sicadi F ted) Am Math Soc. Providence. RI. 19:361 383
teractions in spatially heterogeneous environments. Banks HT (19851 On a variational approach to some parameier

Our approach using parameter estimation is not. ho%- estimation problems. In. Distributed I'aramctcr Systems. Sprin-

ever, a panacea for population modelers. Our experience ger Lec. Notes in Control & Info Sc. 75:1 23

indicates that the models which describe field data well usu- Banks liT. Karcisa P (19831 Parameter estimation techniques for

ally include numerous parametcrs and are difficult to ana- transport equations with applications to population dispersal

lyze (Banks and Kareiva 1983: Banks ct al. 1985). Some- and tissue bulk flo-A models. J Math Biol 17:253 273

times we are left with detailed models that can only be Banks HT. Murph. KA (19861 Quantitative modeling of growth
and dispersal in population models LCDS Report no 864,

explored by exhaustive numerical studies. In addition. there Brown Universit%. and Proc International Sympl on Math Biol,
is the danger that so-called "best-fit" models are biological Kyoto. Nov. I-15. 1985. Springer LN in Biomath 71:98-109
nonsense. The techniques we have used are so powerful Banks HT. Murph% KA (1987) Estimation of nonlincarities in para-
that rarely do we fail to find some model which generates boltc models for growth. predation and dispersal of populations.
numerical solutions closely matched to the data. LCDS'CCS Report No. 87-36. Brown University

Parameter and model identification approaches are best Banks HT. Crowley JM. Kunisch K (19831Cubic spline a-.proxima-

viewed as one tool in the arsenal of population biologists. tion techniques for parameter estimation in distribut-d systems.
Once population data have led to a sutite of models such IEEE Trans Auto Control AC-28:773-786OnexpoplsAin atabhavled a srintse to oe sh Banks HT. Kareiva PM, Lamm PK (1985) Modeling insect dispers-
as examples A-D in Table 1, experiment.s need to be per- al and estimating parameters when mark-release techniques
formed to test the models or components of the models. may cause initial disturbances. J Math Biol 22.259 277
For instance, using the equations presented in Table 1 we Belovs'ky G 119841 Moose and snowshoe hare competition and
could make predictions about ladybird and aphid popula- a mechanistic esplanation of foraging theory. Occologia (Berlin)
tion dynamics for any set of initial conditions, and then 61:150-159
test those predictions. Alternatively. theoreticians, more in- Chesson PL. Case TJ (1985) Nonequilibrium community theories:
terested in general features of models, could examine the chance. vanability. history and coexistence. in: Community
properties of models that are simplified, but qualitatively Ecology. Diamond J, Case T (eds) Harper & Row, NY, pp 229-

similar to those identified in Table 1. 239

Ideally, we would like to verify models by direct observa- Kareisa P (19851 Patchiness. dispersal. and species interactions:
consequences for communities of herbivorous insects. In: Coin-

tion of individual demography and individual movement munity Ecology. Diamond J, Case T (eds) Harper and Row,
behavior. Unfortunately, these sorts of observations are not NY, pp 192-206
always possible. Indeed, we were able to make these obser- Kareiva P (1986) Trivial movement and foraging by crop colonizers.
vations on Coccinella only when we arranged a 0.1 m x 10 m In: Ecological Theory and Pest Management. Kogan M (ed)
line of goldenrod as our experimental arena. As the vegeta- Wiley-lnterscience. NY, pp 99-122
tion becomes more two-dimensional (even a one-meter wide Kareiva P, Odell G (1987) Predator aggregation and the contain-

* strip), detailed behavioral observations become increasingly ment of prey outbreaks as a result of area restricted search

difficult. In a wide variety of settings (e.g. pest management, behavior. Am Nat (in press)
s Levin S (1974) Dispersion and population interactions. Am Nat

studies of the spread of invading organisms, etc.), data on 108:207-228
population densities at different times and places may be Mueller LD. Ayala FJ (1981) Dynamics ofsingle-species population
the only information that is practically available. In these growth: experimental and statistical analysis. Theor Pop Biol
cases, parameter estimation algorithms can help generate 20:101-117
reasonable first-guesses for models of population interac- Obrycki J, Nechols J. Tauber M (1982) Establishment of a Europe-
tion, which can then focus subsequent empirical efforts. an ladybeelle in New York State. New York Food and Life

Sciences Bulletin 94:1-4
Schoener TW (1974) Competition and the form of habitat shift.
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Estimation of Nonlinearities in Parabolic Models for Growth, Predation
and Dispersal of Populations

ABSTRA CT

A convergence theory is given for approximation techniques to treat inverse problems

involving systems of nonlinear parabolic partial differential equations. These techniques can

be used to estimate density-dependent dispersal coefficients in population models, as well as

nonlinear growth and predation terms. Numerical experiences with the resulting algorithms

on both conventional (scalar) and vector computers are reported along with an indication of

performance of the methods with field data from prey-predator experiments.
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COMPUTATIONALTECHNIQUES FOR ESTIMATION AND CONTROLOF
DISTRIBUTED PARAMETER SYSTEMS

H.T. Banks
Center for Control Sciences
Division of Applied Mathematics -
Brown Univcrsity
Providence, RI 02912. USA

We survey some problems and related recent results in computational methods for t'wo
classes of problems for distributed parameter systems: paraimcter estimation or inverse
proL !ems and feedback control.

I. INTRODUCTION

In this lecture we shall give a survey of some of our (C) Botindcdnev: There exist c2 >0 such that for
rccent and current efforts in the Center for Control qcQ, 0,, V we have
Sciences at Brown University. We shall restrict our
attention to research projects involving theoretically c2l Ivjl v.
sound computational aspects o. parameter
estimation and feedback control in problems
described by partial differential equations. As time Under these assumptions, a defines in the usual
permits. the topics listed below will be discussed. manner operators A(q) such that o(q)(,,) =

<-A(q),) H for o t dom (A(q)), 4 c V with
II. THEORETICAL FRAMEWORK FOR dom (A(q.)) dense in V. Furthermore, A(q) is the
PARAMIAKER ESTIMATION generator of an analytic semigroup T(t;q) on H

(indeed, A(q) is sectorial with (XI-A(q))dom(A(q))
We consider first order systems .dependent on = H). Property (B) guarantees that the resolvent
parameters qsQ as given by an abstract equation operator RI(A(q)) = (il-A(q)) -1 exists as a bounded

ii(t)=A(q)u(t)F(t,q) 
operator on H.

(2.1) We may then consider Galerkin type approximations
u(0)=u o (q) in the context of these sesquilinear forms. Let H" be

a family of finite dimensional subspaces of H
in a Hilbert space H. We seek to estimate the satisfying PNz-z for zcH where p" is the orthogonal
parameters o using observations tii for u(ti;q) in a projection of H onto H1. We further assume that
least-squares fit criterion. We assume that Q is a HNCV and possesses certain V-approximation
metric space with metric d and for qcQ, A(q) is the properties. If we now consider the restriction of
infinitesimal generator of a C. semigroup on H. We o(q)(') to HN, we obtain operators AN(q).I--H
assume that A(q) is defined through a parameter which, because of (B), satisfy a uniform dissipative
dependent sesquilinear form o(q)(,) associated with inequality and can be shown to generate semiroups
the weak or variational form of (2.1). Briefly, let V T(i;q) in H,".  o g

be a Hilbert space that is continuously and densely
imbedded in H. Denote a family of parameter Using a resolvent convergence form of the Trotter-
dependent sesquitinear forms by o(q):VxV-C,qcQ. Kato theorem to establish convergence properties of
\e assume that c possesses the following TN(t;qN) to T(t;q) whenever {qi} is any arbitrary
properties: sequence converging to q in d-metric, one can

establish a convergence and stability theory for the
(A) Continuir: For q, 4 Q, we have for all 0, #icV resulting approximating least-squares estimation

problems.

I"(q)(¢, ) - o(q)(o')! ( d(qljljv likv- Among the examples that can be treated immediately
with the above theory are the usual coefficient and
boundary parameter identification problems for

(B) C.eparabolic systems (in this case H L=/n) and
(B) Coercivitv: There exists c >0 and some x such V = 1-4(n) or some other appropriately chosen
that for qcQ,0 Vwehave subspace of H1(n) with modified boundary

conditions). This theoretical framework can also
H c,11012 readily be used for doma identification problems

arising in thermal tomography.

-19-



The first step of our hybrid method requires the
solution of n(m-p) simultaneous equations, while
each iteration of the usual Newton-Kleinman step
requires the solution of a Lyapunov equation for the
nxn symmetric estimates of P.

However, one can use factorization ideas and the
Smith method for Lyapunov equations to reformulate
the Newton-Kieinman method as a direct iterative
method for the mxn gain K, thereby providing
additional computational advantages. To speed up
our calculations and improve convergence in the
Smith algorithm, we have used a variable stepsize
Smith method to solve the Lyapunov equations.

Our initial numerical experiments with this hybrid
algorithm have provided quite encouraging results.
For example, if n is the dimension of our
approximating systems, we have observed in our
examples with 1-dimensional parabolic systems that
the traditional cigenvector based methods (Potter,
Laub-Schur) exhibit computational effort (and time)
that grows like 3 whereas the hybrid method time
grows like n.

IV. CONCLUDING REMARKS

Much of the research discussed in this survey lecture
involves very recent and current results. Some of it
involves joint efforts with other investigators
(including K. Ito, Y. Wang, F. Kojima, DJ. Irunan, H.
Cudney, R. Fabiano, G. Rosen, S. Reich and C.
Wang) and in several cases manuscripts with the
detailed results are currently being written. At the
time of the lecturc we shall provide a bibliography
available on these and related results.
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PARAMETER IDENTIFICATION TECHNIQUES FOR THE ESTIMATION

OF DAMPING IN FLEXIBLE STRUCTURE EXPERIMENTS
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Abstract given initial displacement and velocity' or the beamn.
We assume that we arc given observations - in this

r.uc report on our use of spsline based inverse case. of lip acceleration - from which we wish to estimate

procedums to estimate damping coefficients in distributed unknown parameters. In general these include the stiffness
parnmc::r systems for flexible structures. Damping models coefficecnt El as well as the damping parameters c 0 1. -f
involving~ viscous (air) damping and Kelvin.Voigt damping and the input Parameter T'. Denoting this collection of
in an Eutler-Bernatulli framework arc used to analyze data unknown Parameters by Q - (El~c0 1,7.T). We May formulate
from vibratIlon experiments with composite material beams. this inverse problem as the leass-sQuares estimation problem

of Minimizing the functional
1. Inrorduction

-(Q 0,: i 26

In this presentation we report on continuing efforts all .In ~t) 2  26
that we 1,ave pursued fo. the past year. These efforts over an admissible class Qof parameter values. In this
involve a eombinationi Of experimental investigations with fit-to-data1 Criterion 1(ts)) arc the observations (data) for
the simullsncous development or' the Mnathenmatical and the tip acceleration (at a J) of the beam.
computational aspects of a theoretical methodology to This estimation problem cannot, of course. be solved
support the experiments. analytically: however. one can employ iterative optimization

Our long term goals include the understanding of schemes coupled with an approximation method for the
damping mechanisms in complex distributed structures infinite dimensional system (2-1) - (..5). For the efforts

*constructed from composite material&. Our Quest has discussed here, we approximated the system via Galerltsn
obvious motivation from and Potential consequences for the Procedures using cubic B-splint elements as explained in
design of control (active and Passive) systems for large )DGRW). This results in an approximate solution ut' which
flexible &-,ace stt uctures. satisfies a readils'-solved finite dimensional system

The initial efforts on, which we report here entail the approximating (2-1) - (2.5). We use this in the criterion
*testing z: d devezlopment of splint based approximation (2.6) in Place of u. thereby obtaining a family of
*techniques for inverse problems arising in attempts to approximating estimatiott problems involving minimization

model and quantify damping in composite materia beams, over Q of
oSubstantial previous mathematical efforts along with j SI

numerical tests on simulated data can be found in the J(Q) - som"(,.~) a~1 1. (2.7)
literature (see IBCR), [BR) for a sample of some or these &
results and references to other work). Solving these. wrl obtain a sequence of estimates f;tN) for

We briefly outline the underlying mathematical ideas. best-fi't parameters in the original estimation prublem. A
describe ths: experimental equipment employed, and then theory for convergence or these estimates can be obtained
report on two representattve experiments and our findings (--ec c4. TBCR].(BRI4BGRWI for details), but we %hall not
using our techniques with the data from these experiments. discuss this aLspect of the computational techniques here

since the focus or this report is the VU or these
IL Mathemsiicsl Fouindations techniques in studying damping mechanisms in composite

material structures.
The basic mathematical model that we ha ve We have assumed here that the observations are taken

considercd in connection with the eforts on which we with tip accelerometers since that is precisely the case for
report in this note consists of the equations for a the experiments discussed below. However, we could
cantilevcred Euier-Ernoulli equation .with tip mass. equally well assume velocity observations are taker.; indeed.
damping, and an applied transverse force. Specifically we we have also used these methods with experiments in
take as our model the system for transverse vibrations of a which a laser vibromcter was used to obtain velocity
long slender (length 1) cantilevered beam: mneasurements. These and related findings will be detailed

Fis" ~in a separate manuscript currently in Preparation- ehv

El (ID'1) Furthermore, in our findings discussed here,.ehv
-~ Ct concentrated on attempts to characterize the damping it
- ~ - X~s.) 0 C 2, 1 >e i.t . termsnof lKeivin.Voigt and/or viscous (air) damping. There

is considerable evidence ,to suggest that damping
u(t,0) - ~(t.0) - C. t :1 0 22 mechanisms in composite materials are significantly more

ox complex than the ones described by a combination of

* -'-(ts * -~--t~)viscous and Kelvin-Voigt damping. Indeed, current
El x o -ZsC .3 conjectures include models that involve hysteretic or

*X a hereditary (time and/or spacc:4 efcts. Recent theoretical
j - results rBf] provide a convenient mathematic-al framework
El E-(t.1) +, CDT -~' (t. 1) - m ~'-(~3 ,(.) for treating inverse problems for such model-; we are

01 05 ~currently using the associated computational techniques to
a investigate the possibility of describing experimental data

u(0.x) -0x.*(0.x) - 4KX), Q < I -C A. (.) in terms of models with hysteretic damping.

Ill. Ext'rier~ntal 'Procedures
-Here P is the linear mass density, mn is the tip ma--, CD1

and 7 are damping coefficients for Kelvin-Voigt and To test the above described estimation procedures And
viscous (air) damping, rcspectivzdy, and f is a parameter initiate our damping mechanism studies a series Of

4dependent (ar for the point of impac. 7 for the duration) experiments were carried out at the Mechanical Systems
*term representing a transverse force such as that obtained Laboratory located at SUNVAE. Cantilevered composite

with a force hammer. The functions 0 and t represent beams with a rnmovable tip mass were used as the test
structures. Each bears consisted of a one Meter long pice

CH2505VEI7OOOO-1392SI.OO 0 1967 IEEE '1392
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Figure 6

if we try to estimate 7 and cDI using modal
techniques (via % critical damping and principles relating t
to 7 and c01 similar to that noted in the discussion of the
previous experiment), we obtain, values 7 .1 - .2982 slug/(f t
see) and c~l,. - .4511 slug ft /sec. 11 we use these in
the model equations (2.m (2.5). we find that the response
is damped out much too quickly and does not resemble
the experimental data.

A rinal comment on our findings in this example has
important implications for use of modal methods in
attempts to understand damping mechanisms in distributed
parameter structures. While *c found that the viscous
damping (7I) was extremely important in the overall
modeling of the low frequency mode and the Kelvin-Voigt
damping (c .1) was most important in modeling correctly
the two high frequency modes, the damping dos o
decoupl on the modes. We belive this poses; serious
difficulties for any attempts to understand damping
mechanisms using only modal techniques.

V. Acknowldg~ntsz

This research was supported in part under grants
NASA NAG-1-517 (H.T.B. and Y.W.). AFOSR-4-0398
(H.T.B.). AFOSR-F49620-86-C-Ol I1I (H.T.B., Y.W, D.J.I.).
AFOSR-85-0220 (D-1.1.), NSF-MSM-835 1307 (DJ.1.). NASA
Trainini Grant NGT 33183502 (H.C.) and DOD Equipment
Grant AFOSR-85-0119 (D.J.L).

References

IBCRJ" Banks. H.T., Crowley, i.M., and Rosen. I.G..
Methods for the identification of material
parameters in distributed models for flexible
structures. Mat. Aplic. Comp. 5 (1986), 139-168.

jBGRWJ Banks, H.T., Gates, S.S., Rosen, 1.0,. and Vang. Y.,
The identification of a distributed parameter
model for a flexible structure, ICASE Rep. No.
86-71. October. . 1996. NASA Langley Res. Ctr.,
Hampton. SIAM .1. Control Opt_, to appear.

1395



AN APPROXIMATION THEORY FOR THE
IDENTIFICATION OF NONLINEAR DISTRIBUTED

PARAMETER SYSTEMS

by

H. T. Banks, Simeon Reich and 1. G. Rosen

April 1988 LCDS/CCS #88-8



AN APPROXIMATION THEORY FOR THE IDENTIFICATION

OF NONLINEAR DISTRIBUTED PARAMETER SYSTEMS +

by

H. T. Banks'
Center for Control Sciences

Division of Applied Mathematics
Brown University

Providence, Rhode Island

Simeon Reich**
Department of Mathematics

University of Southern California
Los Angeles, California

and
Department of Mathematics

The Technion, Israel Institute of Technology
Haifa, Israel

and

I. G. Rosen***
Department of Mathematics

University of Southern California
Los Angeles, California

*This research was supported in part under grants NSF MCS-8504316, NASA

NAG-I-517, AFOSR-84-0398, and AFOSR-F49620-86-C-01 11.

*This research was supported in part by the Fund for the Promotion of

Research at The Technion and by the Technion VPR Fund.

***This research was supported in part under grants AFOSR-84-0,393 and

AFOSR-87-0356.

+Part of this research was carried out while the first and third authors were

visiting scientists at the Institute for Computer Applications in Science and

Engineering (ICASE), NASA Langley Research Center, Hampton, VA, which is
operated under NASA contract NASI-18107.



An Approximation Theory for the Identification of Nonlinear
Distributed Parameter Systems

ABSTRACT

An abstract approximation framework for the identification of

nonlinear distributed parameter systems is developed. Inverse problems for

nonlinear systems governed by strongly maximal monotone operators

(satisfying a mild continuous dependence condition with respect to the

unknown parameters to be identified) are treated. Convergence of

Galerkin approximations and the corresponding solutions of finite

dimensional approximating identification problems to a solution of the

original infinite dimensional identification problem is demonstrated using

the theory of nonlinear evolution systems and a nonlinear analog of the

Trotter-Kato approximation result for semigroups of bounded linear

operators. The nonlinear theory developed here is shown to subsume an

existing linear theory as a special case. It is also shown to be applicable

to a broad class of nonlinear elliptic operators and the corresponding

nonlinear parabolic partial differential equations to which they lead. An

application of the theory to a quasilinear model for heat conduction or

mass transfer is discussed.
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Semigroup Theory and Numerical Approximation for Equations in Linear

Viscoelasticity

A bstract

"We consider the following abstract integro-differential equation

(f)+ A [Eu(t) - g(s)u(f + r) ds] f(1)

on a Hilbert space. Such equations arise in the modeling of linear viscoelastic beams.

The equation is reformulated as an abstract Cauchy problem, and several approximation

schemes are discussed. Well-posedness and convergence results are given in the context of

linear sernigroup theory. Results of numerical eigenvalue calculations for various approxi-

mation schemes are discussed.
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Augmented Lagrangian Method for Equality and Inequality Constraints in
Hilbert Spaces

Abstract

In this paper, we consider a class of Lagrange multiplier methods, called the

augmented Lagrangian method for the minimizations with cquality and inequality

constraints in Hilbert spaces. We obtain a local square-root convergence of this

method without strict complementary conditions when finite man' inequality

constraints are augmented. This result seems to even generalize the known results

in the finite dimensional case.
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Orr the Regularity of Solutions of an Operator Riccati Equation Arising in
Linear Quadratic Optimal Control Problems for Hereditary Differential Systems

Abstract

In this paper operator Rccati equations cf evolution and

algebriac tNpes arising in the linear quadratic optimal control

problem for hereditary differential systems are considered. Regularit y

results of their solutions are obtained. Spectrally, for the system

with single point delay we show that the optimal feedback kernel
230

function - is C . This stud), is motivated by our numerical

experiments 18) in computing the optimal feedback gain via an

algebraic Riccati equation, which indicate that such a function is

smooth. The regularity result is essential in obtaining a rate of

convergence of numerical approximations of the optimal feedback gain

operator.
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"Approximation of infinite delay and Volterra type equations"

by 1'. Ito and F. Kappel

S ua w. m a r y

Linear autonomous functional differential equations of neutral type
include Volterra integral and integrodifferential equations as special
cases. The paper considers numerical approximation of solutions to
these equations by first converting the initial value problem to an
abstract Cauchy problem in a product space Cn * weighted L2 -space) and
then using abstract approximation results for C -semigroups combined with
Galerkin type ideas. In order to obtain concrete schemes subspaces of
Legendre and Laguerre polynomials are used. The convergence properties
of the algorithms are demonstrated by several examples.

Running head: Volterra type equations

Subject classification: 34GI0, 34K99, 45DO5, 45JO5,45L10
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Finite Dimensional Compensators for Infinite Dimensional Systems via
Galerkin-Type Approximation

Abstract

In this paper we discuss existence and construction of stabilizing

compensators for linear timc-invariant system defined on Hilbert spaces. We

establish an existence result using Galerkin-type approximation in which

independent basis elements are used instead of the complete set of eigenvectors.

A design procedure based on approximate solutions of optimal regulator and

optimal observer via Galerkin-type approximation is given and the Schumacher

approach is used to reduce a dimension of compensators. A detail discussion

for parabolic and hereditary differential systems is included.
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The Augmented Langrangian Method for Parameter Estimation in Elliptic Systems

Abstract

In this paper a new technique for the estimation of parameters in elliptic partial

differential equations is developed. It is a hybrid method combining the output - least

square and the equation error method. The new method is realized by an augmented

Lagrangian formulation and convergence as well as rate of convergence proofs are provided.

Technically the critical step is the verification of a coerciviry estimate of an appropriately

defined Lagrangian functional. To obtain this coercivity estimate a seminorm regularization

technique is used.
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* Chandrasekar Equations for Infinite Dimensional Systems: Part II. Unbounded
Input and Output Case

Abstract

A set of equations known as Chandrasekhar equations arising in the linear

quadratic optimal control problem is considered. In this paper, we consider the

linear time-invariant systems defined in Hilbert spaces involving unbounded input and

output operators. For a general class of such systems, we derive the Chandrasekhar

equations and establish the existence, uniqueness, and r¢eularity results of their

solutions.
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Strong Convergence and Convergence Rates of Approximating Solutions
for Algebraic Riccati Equations in Hilbert Spaces

A bstractI

In this paper, we consider the linear quadratic optimal control

problem on infinite time interval for linear time-invariant systems defined on

Hilbert spaces. The optimal control is given by a feedback form in terms of

solution nI to the associated algebraic Riccati equation (ARE). A Ritz type

approximation is used to obtain a sequence TlN  of finite dimensional

approximations of the solution to ARE. A sufficient condition that shows TIN

converges strongly to l is obtained. Under this condition, we derive a

formula which can be used to obtain a rate of convergence of flN to TL

We demonstrate and apply the results for the Galerkin approximation for

parabolic systems and the averaging approximation for hereditary differential

systems.
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CHANDRASEKHAR EQUATIONS FOR INFINITE DIMENSIONAL
SYSTEMS*

KAZUFUMI ITO1 AND ROBERT K. POWERS:

Abstract. In this paper we denve the Chandrasekhar equations for linear time invariant systems defined
on Hilbert spaces using a functional analytic technique. An important consequence of this is that the solution
to the evolutional Riccati equation is strongly differentiable in time and one can define a "strong" solution
of the Riccati differential equation. A detailed discussion on the linear quadratic optimal problem for
hereditary differential systems is also included.

Key words. Chandrasekhar equations, Riccati operator. regularity results, infinite dimensional systems

AMS(MOS) subject classification. 49

I. Introduction. The Chandrasekhar equations [ 14) are an alternative form to the
Riccati equations from which the optimal feedback gain operator may be calculated

directly. If the system has a small number of inputs and outputs, the Chandrasekhar
algorithm offers significant reduction in the computational complexity for determining

the optimal feedback gain. As observed in [20], this is much more evident in the infinite
dimensional case if the optimal feedback gain operator is calculated numerically using

some approximation method. In this case, the number of states grows linearly to the

order of approximation.
The purpose of this paper is to derive Chandrasekhar equations for systems defined

by evolution equations on Hilbert spaces in which the input and output operators are

assumed to be bounded. The form of the Chandrasekhar equations derived immediately
implies that the solution of the associated Riccati equation is strongly differentiable
in time, and it allows us to define a "strong" solution of the Riccati equation. Another
important consequence of this is that the optimal control for the linear quadratic
regulator (LQR) problem is continuously differentiable if the initial datum is sufficiently
smooth.

The Chandrasekhar equations for infinite dimensional systems have been discussed

in [4] and [7] using a Lions-type framework [17]. However, the equations derived in
[4] and [7] are satisfied in the distributional sense. In [22], Sorine derived a set of

Chandrasekhar equations satisfied in a strong sense for parabolic systems. Sorine's

derivation relied on the analvticitv of the semigroup and thus does not apply to general

systems. Our approach differs from those above in that it uses an approximation
technique. A sequence of approximating optimal control problems is chosen for which

the Chandrasekhar equations may be derived as in the finite dimensional case (see

[6], [14], and [16]). Convergence is then established and the appropriate equations
are shown to be satisfied. In this paper, our considerations are restricted to the LQR
problem, but the results are also applicable to the Kalman filtering problem [8].

* Received by the editors January 22. 1985 accepted for publication (in revised formI March II. Q6.
This research was supported by the National Aeronautics. and Space Administration under NASA contract
NASI-i7070 while the authors were in residence at the Institute for Computer Application in Science and
Engineering, NASA Langley Research Center. Hampton, Virginia 23665.

!'Division of Applied Mathematics, Brown University. Providence. Rhode Island 02Q?'.
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A UNIFORMLY DIFFERENTIABLE APPROXIMATION SCHEME FOR
Go A DELAY SYSTEMS USING SPLINES
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F. Kappel
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The spectrum of A is only point spectrum and I E
raA) if and only if det L(l) , 0 where

A new spline-based scheme is developed for linear XI L(' I - )
retarded functional differential equations within the

framework of the semigroups on the Hilbert space Ra - L 3. We shall also use the state-space X - H'(-r,0;P) for
The approximating semigroups preserve (uniformly) the
logarithmic sectorial property (i.e.. the dirferentiability) of ystem (1.1). X endowed with the inner product
the solution semigroup. We prove the convergence of the

scheme both in W5 *2 R'
t x L 2 , and using the uniform L,l'x - '0(0),S0)>1 <

differentiability we are able to establish error estimatesand obtain the Quadratic convergence for a class of initial is metricaloly isomorphis to dora A endowed with the

a tain e uaaytic ce e for aclouiniti l graph norm, which is a Hilbert space, because A is closed.
data. Wc also apply the scheme for computing the TeioopimdmA-Xi ie \

feedback solutions to the linear quadratic regulator The isomorphism dom A X is given by

problem. The uniform differentiability is again the t(0(0).6) t, (4(0).0) t dam A,
essential basis for obtaining a complete theory for

cons1.gr.ncc_.of the Riccati solutions. 0- (C(0),). 0 E X.

I. Introduction and vreliminpries In a recent paper [7] 1. Lasiecka and A. Manitius

In this paper we consider the linear hereditary gave for the first tine optimal rates for the AV-scheme

control system considered in (1). These estimates are essentially based on
uniform (with respect to the approximation parameter)

(t) udifferentiability of the approximation semigroups. whichiC + J-A()x(t means that the characterization of differentiable scmigroups
i.i [; Theorem 4.7) is uniformly valid for the0-n. x() -(el a.. on t-r,0), (1.1) approximating semigroups.

y(t) -Cx(t). t 0. In this paper we develope a scheme using first order
splines which essentially has all the good properties of the
AV-scheme. In addition we arc able to establish errorwhere -r - e# <...< e. - 0. x(t) n a. u(t) v P7 and y(t) estimates analogous to those in [7]. As expected we obtain6 FF. Furthermore, A(.) is an ano-matrix valued square udai €ovrno fr sufcety soh dt.

integrable function on J-r.0). It is well-known that, for quadratic convergence for sufficiently smooth data.

0i.0) 4E Z - P x L2(-r.0;AP) and u e L2e0-F'.system Naturally uniform differentiability is also the essential
I Lbasis for our approach which as far as convergence rates

(1.1) admits a unique solution x e L
2(-r,T;P") A H(0.T;A) are concerned is motivated by [7].

for any T 3 0. We define the operators S(t), t 0 , by
52. Spline annroximation.S(t)(n,0) - (x(t),), t 0. 07.0) e Z,

Let tN - _k -, k - 0t.1 - 0, t,
where x(t) is the solution or (1.1) with initial data (n.0) k N a
and u(t) a 0. x, is the function defined by t for N - 1.2.--- . E . k- 0.. -. N. denotes the usual first
x(t + e), -r ( e 4 0. S(-) is a C -semigroup on Z with order B-splines on the interval [-r,0j corresponding to the

x~t* ),*r 0 . (* i aC~-eir nZwt mesh tN, - .tN,inifinitesimal generator / given by (see [I], for instance) e , N'
-: )foe tN k

dora A - ((?),0) e e H1(-r,0;P). ) - k+3 [
BN (I,,= -et~ ) for tN t6tN

A(0(0).O) - (L(0).0) for (0(0),0) E dom A, [
where 1 o 10 elsewnerc.

LO - -Z Ajo0(e) " A(B)0(e)de, t e C(-r,;"P). Furthermore. we put
m. r

If we define the input operator B: An - Z and the output - 2t t
2 ).  I..

operator C: Z - P by and

Bu - (Bu.0), U E P'. E1 k - (1.0). = (0.E~l). I - I,.-.,N,

C(.0) C 7. ( E,€) Z. where I denotes the nxn identity matrix. The following
spaces will be used in the sequel:

then (1.1) is equivalent to the following abstract system in
Z: WN = span(ENI... -. Ef) C L'(-.0;n).•

2 (t) - Az(t) , B u(t), t ;P C, A1 K
-. F 'aN' _ span ( N C Z.

z(0) - Ite), (1.3)

X - span(4'-l-.-...I) C X,
y(t) - Cz(t). t 0,

Z- ,.X
1 C dom A.

i.e. a function x: [0.-) - P is a solution of (1.1) if and
only if the function z(t) - (x(t),x), t ? 0. is a mild It is convenient to introduce the basis matrices
solution of (1.3) which means EN (EN'I,...E111).

z(t) - S(t)(t,0) + f'S(t-s)Bu(s)ds, t ) 0. (1.4) EN A

C EN -(Er,.
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ABSTRACT

It is shown that the adjoints of a spline based approximation scheme for

delay equations do not converge strongly.
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